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We study the effect of the supersonic relative velocity between dark matter and baryons on large-scale galaxy
clustering and derive the constraint on the relative velocity bias parameter from the Baryonic Oscillation Spec-
troscopic Survey (BOSS) power spectrum measurements. Recent work has shown that the relative velocity
effect may have a dramatic impact on the star formation at high redshifts, if first stars are formed in minihalos
around z ∼ 20, or if the effect propagates through secondary effects to stars formed at later redshifts. The rela-
tive velocity effect has particularly strong signatures in the large scale clustering of these sources, including the
BAO position. Assuming that a small fraction of stars in low-redshift massive galaxies retain the memory of the
primordial relative velocity effect, galaxy clustering measurements can be used to constrain the signatures of the
first stars. Luminous red galaxies contain some of the oldest stars in the Universe and are ideally suited to search
for this effect. Using the BOSS power spectrum measurements from the Sloan Data Release 9, in combination
with Planck, we derive the upper limit on the fraction of the stars sensitive to relative velocity effect f⋆ < 3.3%
at the 95% confidence level in the CMASS galaxy sample. If additional galaxy sample not sensitive to the
effect is available in a given survey, a joint multi-tracer analysis can be applied to construct a sample-variance
cancelling combination, providing a model-independent way to verify the presence of the relative velocity effect
in the galaxy power spectrum on large scales. Such a multi-tracer analysis in future galaxy surveys can greatly
improve the current constraint, achieving a 0.1% level in f⋆.
PACS numbers: 98.80.-k,98.65.-r,98.80.Jk,98.62.Py
I. INTRODUCTION
After the cosmic recombination at z = 1090, the cos-
mic background radiation decouples from the baryon-photon
plasma and fades away as the Universe expands and enters the
cosmic dark ages [1]. Until the emergence of the first stars, no
light but 21cm radiation from neutral hydrogens is emitted in
the Universe. Previously, the period of the dark ages to the for-
mation of the first stars was thought to be well described by
simple physics that involves the linear evolution of matter and
baryons with few chemical reactions and their interaction with
photons [2, 3]. However, it was shown in Tseliakhovich and
Hirata [4] that a typical velocity difference between baryons
and dark matter after the cosmic recombination corresponds to
a supersonic flow with Mach numberM∼ 2. During the pe-
riod z = 15 ∼ 100, most volume in the Universe is filled with
supersonic flows and shocks, and the volume with M < 1 is
less than 10%. In Dalal et al. [5] it was argued that the effect
could dramatically change the fraction of baryons captured in
dark matter halos, having no baryons condensing inside halos
when the relative velocity is larger than the halo virial veloc-
ity, and having baryons inside dark matter halos only in re-
gions where the relative velocity is zero. This and subsequent
studies [6–9] showed that these supersonic relative velocities
suppress the dark matter halo abundance at low mass, reduce
the gas contents in those halos, and boost the minimum cool-
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ing mass, which altogether delays and suppresses the forma-
tion of the early baryonic structure, by an amount proportional
to the local relative velocity.
High-resolution numerical simulations using adaptive-
mesh refinement or moving-mesh hydrodynamics techniques
[10–12] have confirmed that the relative velocity effect influ-
ences the virialization of the gas in minihalos and delays the
population III star formation. A series of numerical simula-
tions [9, 13] provide a statistically robust evidence that the gas
content is significantly reduced below the characteristic mass
scale that is large enough for gas to collapse due to gravity
overcoming the pressure gradient. A further numerical study
[14] reveals a stunning complexity of gas accretion into the
characteristic mass halos and emphasizes consistent treatment
of the relative velocity effect in simulations.
Furthermore, the presence of the supersonic relative veloc-
ity effect at high redshifts makes the spatial distribution of
the star formation highly inhomogeneous, boosting the fluc-
tuation signal by modulating the formation of first stars on
very large, hundred (comoving) Megaparsec, scales. This can
be detectable in redshifted 21cm observations [5, 15, 16] at
z > 10 (see also [8, 17]). More importantly, this spatial in-
homogeneity is modulated by the relative velocity effect that
is coherent on larger scales than the matter density, exhibiting
a prominent acoustic oscillation structure in the power spec-
trum [5]. At high redshifts, the relative velocity contribution
to the power spectrum is substantially larger than the matter
fluctuation contribution, especially on the baryonic acoustic
oscillation (BAO) scales.
However, the relative velocity effect decays with redshift
2once the halos that are collapsing have virial velocities larger
than the relative velocity between baryons and dark matter.
Even though the direct impact of the relative velocity effect on
the low-redshift massive galaxies is expected to be negligible,
stars that have been formed at high redshifts are still expected
to retain the memory of the spatial modulation caused by the
relative velocity effect. There are further indirect ways how
the effect can be important for stars that are forming at or after
reionization, long after the minihalos ceased to be important
[5, 12, 18, 19]. Such scenarios include a patchy reionization
partially driven by minihalos with the relative velocity effect
or inhomogeneous metal enrichment of the first stars in the
intergalactic medium, both of which subsequently affect the
formation of massive galaxies at late times.
These possibilities imply the spatial modulation of galaxy
clustering due to the remaining relative velocity effect. It is
shown [18] that due to its acoustic oscillation structure at the
BAO scale, the relative velocity effect, if unaccounted for, can
bias the measurements of the BAO peak position, but if ac-
counted for, its signatures are sufficiently different that it does
not bias the estimate of the dark energy equation-of-state or in-
flate the parameter constraints. Furthermore, the presence of
the relative velocity effect in galaxy clustering can be unam-
biguously identified in the galaxy bispectrum on large scales,
although those constraints are not as strong as direct power
spectrum constraints.
Here we extend the galaxy clustering analysis [18] of the
relative velocity effect and investigate the synergy effect of
the multi-tracer analysis. The multi-tracer analysis [20] is de-
veloped to take advantage of the fact that the same under-
lying matter distribution is probed by different tracers and
the sampling variance stochasticity can be completely re-
moved by constructing a particular combination of different
tracers. This technique has been applied to constraining the
growth of structure from the redshift-space distortion [21–24]
and measuring the relativistic effect and the primordial non-
Gaussianity [25–27]. We use the multi-tracer analysis to im-
prove the constraint on the relative velocity effect and pro-
vide a model-independent way to verify its presence in the
galaxy power spectrum. Moreover, we apply our formalism
of the relative velocity effect in galaxy clustering to the recent
galaxy power spectrum measurements [28] from the Baryonic
Oscillation Spectroscopic Survey (BOSS; [29]) to derive for
the first time the constraint on the fraction of the first stars
contained in the galaxy sample.
The organization of the paper is as follows. In Sec. II, we
briefly summarize the formalism for computing the relative
velocity effect and contrast the acoustic oscillation structures
in the matter and the relative velocity distributions. In Sec. III,
we present a comprehensive study of the relative velocity ef-
fect in galaxy clustering. In the presence of the relative ve-
locity effect, the galaxy power spectrum and the cross-power
spectrum are computed in Sec. III A and Sec. III B, and a par-
ticular combination of two galaxy samples is constructed to
eliminate the leading-order sample variance in Sec. III C. A
full covariance matrix of the auto- and the cross-power spec-
tra is computed in Sec. III D, and the shift in the BAO peak
position is quantified for the auto- and the cross-power spec-
tra in Sec. III E. The relative velocity effect on the auto- and
the cross-correlation functions are studied in Sec. III F and
Sec. III G.
In Sec. IV, we analyze the BOSS power spectrum mea-
surements and derive for the first time the constraint on the
relative velocity effect in the galaxy sample. Looking to the
future, we forecast the constraint on the relative velocity ef-
fect, providing a guidance to the multi-tracer analysis in fu-
ture galaxy surveys in Sec. V. Finally, we summarize our
results and discuss the implications of our results on relat-
ing the current and the future constraint to the primordial
galaxy formation history in Sec. VI. For numerical calcula-
tions, we adopt a flat ΛCDM universe with the fiducial cos-
mological parameters consistent with the recent analysis of
the Planck satellite mission [1]: The scalar spectral index
ns = 0.968 and its runningαs = 0 of the primordial curvature
power spectrum with its normalization As = 2.46 × 10−9 at
k0 = 0.002Mpc
−1
, the matter densityωm = Ωmh2 = 0.140,
the baryon density ωb = Ωbh2 = 0.0222, the dark en-
ergy density ωde = Ωdeh2 = 0.328 (the Hubble parameter
h2 = ωm + ωde = 0.68
2).
II. RELATIVE VELOCITY BETWEEN BARYONS AND
DARK MATTER
We begin by defining our convention for various transfer
functions that are used in our calculations. In linear theory,
perturbations at each wave mode grow only in amplitude given
the initial conditions, such that its stochastic nature of pertur-
bations can be separated from the deterministic growth. The
former is characterized by the curvature perturbation ϕ(k) in
the comoving gauge, when the wave mode exits the horizon
during the inflationary period. For the Gaussian initial con-
ditions, the primordial curvature is fully characterized by its
power spectrum
∆2ϕ(k) =
k3
2pi2
Pϕ(k) ≡ As
(
k
k0
)ns−1
, (1)
where the normalization amplitude is As = 2.46 × 10−9 at
the pivot scale k0 = 0.002 Mpc−1 and the spectral index is
ns = 0.968, consistent with the recent Planck results [1]. The
deterministic growth from the initial conditions is captured by
the transfer function T (k, z) for each perturbation variable,
e.g.,
δm(k, z) = Tm(k, z) ϕ(k) , (2)
for the dark matter density at z (similarly the subscript b is
used for baryons). The transfer functions depend solely upon
the wave amplitude and redshift. In practice, we use the public
Boltzmann code CMBFAST [30] to compute the transfer func-
tions for dark matter Tm(k, z) and baryons Tb(k, z).
The velocities of dark matter and baryons are also com-
puted in a similar manner. Assuming no vorticity∇× v = 0,
the velocity vector is fully described by its scalar perturbation
vm(k, z) = − ik
k
vm(k, z) , (3)
3FIG. 1: Relative velocity power spectrum and its transfer functions. Left: Solid curve shows the dimensionless relative velocity power spectrum
∆2vr (k) at z = 15, and the rms relative velocity is σvr ≃ 0.3 kms
−1
. Velocity power spectra ∆2v(k) and its scaled power spectra ∆2δ(k)/k2
for baryon (upper) and dark matter (lower) are shown as gray dotted and dashed curves, respectively (two gray dotted curves largely overlap
with each other). Their amplitude is arbitrarily reduced in comparison to ∆2vr (k). While the relative velocity (solid) is sourced by velocities
(dotted), its oscillation is not in phase with baryon and dark matter velocities. Right: Acoustic oscillation structure at z = 0.57 in the matter
transfer function (b) and in the relative velocity transfer function (c). The oscillation amplitude (∼ 100%) is significantly larger in the relative
velocity transfer function than in the matter transfer function (∼ 5%).
and the scalar part is again computed by using the transfer
function from CMBFAST
vm(k, z) = Tvm(k, z) ϕ(k) , (4)
which defines the velocity transfer function for dark matter.
The conservation equation yields that the velocity transfer
function is related to the matter transfer function as
d
dτ
Tm(k, z) = −k Tvm(k, z) , (5)
where τ is the conformal time. The relative velocity of
baryons and dark matter is defined as vr = vb − vm, and
so is the transfer function Tvr = Tvb − Tvm . We often use the
dimensionless relative velocity
ur(k, z) ≡ vr(k, z)
σvr
=
Tvr (k, z)
σvr
ϕ(k) ≡ Tur(k, z) ϕ(k) ,
(6)
normalized by the one-dimensional root-mean-square of the
relative velocity
σ2vr (z) =
1
3
〈vr · vr〉 = 1
3
∫
d ln k T 2vr (k, z) ∆
2
ϕ(k) . (7)
At the recombination, the relative velocity between dark
matter and baryons is ∼ 30 km s−1, and it strictly falls off
as 1 + z as the universe expands, since they both respond to
gravity in the same way. Figure 1a shows the relative veloc-
ity power spectrum at z = 15. We see that it retains promi-
nent oscillation structure. Gray dotted curves show the veloc-
ity power spectra for dark matter and baryons (almost iden-
tical) at the same redshift but with the amplitude arbitrarily
reduced by 105 to compare its oscillation structure with the
relative velocity power spectrum (solid). For further compar-
ison, gray dashed curves show the scaled matter power spec-
trum ∆2m(k)/k
2 (lower) and the scaled baryon power spec-
trum ∆2b(k)/k
2 (upper). The difference of their time deriva-
tives is proportional to the relative velocity power spectrum
∆2vr (k) (solid). The oscillation phase of the relative veloc-
ity power spectrum is different from the the velocities of dark
matter and baryons, despite their common origin.
Figure 1b and 1c further compare the oscillation structure in
the matter transfer function and the relative velocity transfer
function at z = 0.57. In Fig. 1b, the linear matter power spec-
trum is divided by the no-wiggle power spectrum [31] to high-
light the oscillation structure without the broad-band shape
of the matter power spectrum.1 The oscillation amplitude is
rather small ∼ 5% in the matter transfer function, while the
oscillation amplitude is fractionally order one in the relative
velocity transfer function in Fig. 1c. The acoustic oscillation
in the relative velocity power spectrum is not in phase with the
matter power spectrum. Of course this ratio shows the maxi-
mal effect at z = 0.57 and in reality the effect will be much
smaller since only a small fraction of stars is modulated by the
relative velocity effect.
1 The ratio of the matter power spectrum to the no-wiggle power spectrum is
plotted in Fig. 1b of Yoo et al. [18]. The x-axis in their Fig. 1b is in units
of Mpc−1, instead of hMpc−1, while its bottom panel has the x-axis in
units of hMpc−1, as is indicated.
4III. RELATIVE VELOCITY EFFECT IN GALAXY
CLUSTERING
The relative velocity between dark matter and baryons al-
lows separation between baryons and dark matter within ha-
los. Especially at high redshift, when the dark matter halos
have shallow gravitational potential, the relative velocity can
be supersonic, advecting baryons out of dark matter halos and
preventing the formation of baryonic structure [4, 6]. A series
of numerical simulations have verified the relative velocity ef-
fect on the early structure formation [8–14]. The suppression
or the formation of the early baryonic structure is therefore
spatially modulated by the relative velocity effect, and its cor-
relation length is set by the acoustic oscillation of the relative
velocity [5].
The presence of the relative velocity effect can affect the
spatial clustering of the low-redshift massive galaxies, where
galaxy clustering measurements are performed. However, it
is more difficult in this case to compute the amplitude of the
relative velocity effect or to predict the existence of the relic
memory of the primordial relative velocity effect. Here we
present various ways to identify the relative velocity effect in
galaxy clustering measurements and discuss the impact of the
relative velocity effect on the BAO measurements, if the rela-
tive velocity effect persists.
A. Power Spectrum
Following the procedure in Yoo et al. [18], a galaxy popula-
tion at low redshift is modeled with two nonlinear galaxy bias
parameters b1 and b2 and the relative velocity bias parameter
br as
δg(x) = b1 δm(x)+
b2
2
[
δ2m(x)− σ2m
]
+br
[
u2r(x)− σ2ur
]
,
(8)
where the relative velocity ur = |ur| is computed at the linear
order and the matter density is computed to the second order
in perturbations. The relative velocity bias parameter charac-
terizes our ignorance of the relic amplitude of the remaining
relative velocity effect in low-redshift galaxy populations, and
the nonlinear galaxy bias parameters are the lowest order co-
efficients of the local matter density expansion that relate to
the galaxy number density (the third-order galaxy bias param-
eters b3 and subsequent terms are ignored).
The auto-power spectrum of the galaxy sample described
in Eq. (8) can be computed [18] to the second order in power
spectrum as
Pg(k) = b
2
1 PNL(k) +
∫
d3q
(2pi)3
Pm(q)Pm(|k− q|)
[
1
2
b22 + 2 b1b2F2(q,k− q)
+4 b1brF2(q,k − q)Gu(q,k − q) + 2 b2brGu(q,k− q) + 2 b2rGu(q,k − q)2
]
, (9)
where PNL(k) and Pm(k) are the nonlinear and the matter
power spectrum and the relative velocity kernel and the non-
linear matter evolution kernel are
Gu(ka,kb) = −Tur(ka)
Tm(ka)
Tur (kb)
Tm(kb)
ka · kb
kakb
, (10)
F2(ka,kb) =
5
7
+
2
7
(
ka · kb
kakb
)2
+
ka · kb
2
(
1
k2a
+
1
k2b
)
.
We use the HALOFIT [32] to compute the nonlinear matter
power spectrum. The derivation and the computation of the
power spectrum in Eq. (9) can be found in Appendix A of
Yoo et al. [18]. Apparent from the proportionality of the
galaxy bias parameters, each term in Eq. (9) represents the
auto- and the cross-contributions of the nonlinear matter evo-
lution (∼ b1), nonlinear galaxy bias (∼ b2), and the relative
velocity effect (∼ br).
Figure 2a illustrates the galaxy power spectrum and the
contributions of its individual components in Eq. (9). As our
fiducial model, we assume that the galaxy sample has bias
parameters (b1, b2) = (2, 1) and the relative velocity bias pa-
rameter br = 0.04. The horizontal gray line indicates the
approximate level of the shot-noise contribution
√
2/n¯g to the
galaxy power spectrum, where we assume the galaxy number
density is 3 × 10−4(h−1Mpc)−3. The factor √2 arises, as
we plot the power spectrum variance in the absence of sample
variance (see Sec. III D for details). The major contribution to
the galaxy power spectrum Pg(k) (thick solid) is the nonlin-
ear matter power spectrum (thick dotted) on all scales shown
in Figure 2. However, the individual components shown as
different curves contribute to the galaxy power spectrum at
various level at different scales, given the fiducial values of
the bias parameters. Dashed and dotted curves show the con-
tributions of the nonlinear galaxy bias that are proportional to
b22 and b1b2, respectively. While their contributions can be as
large as 10% of the total power spectrum at k ∼ 0.3hMpc−1,
they are largely featureless and smooth, which can be readily
modeled as a smooth broad-band power.
The relative velocity effects are illustrated as solid, dot-
dashed and long dashed curves that are respectively propor-
tional to b2r, b2br, and b1br. The relative velocity power spec-
trum (solid) is significant on large scales, amounting to more
than 10% at k < 0.01hMpc−1, but it declines as k−4 on
smaller scales, where the BAO peak position is best measured.
5FIG. 2: Auto and cross power spectra of two galaxy samples. The galaxy sample A is assumed to have bias parameters (b1 = 2, b2 = 1,
br = 0.04) and the galaxy sample B has bias parameters (b1 = 1, b2 = −0.4), but without the relative velocity effect (br = 0). Top panels
show the auto (left) and the cross (right) power spectra (thick solid) and their individual contributions (various curves). Dotted curves that
closely follow the thick curves show the nonlinear matter power spectrum. Two galaxy samples can be properly combined as in Eq. (13) to
construct another tracer X , cancelling the sample variance in Eq. (15). Bottom panels show the auto (left) power spectrum of the tracer X
and its cross (right) power spectra with the galaxy sample A. Individual contributions to the total power spectra are shown in all panels
as solid, representing the contribution that involves the integral of b2rPm(q)Pm(|k − q|)G2u(q,k − q), dot-dashed for brPmPmGu, long
dashed for brPmPmF2Gu, dotted for PmPmF2, and short dashed for PmPm. These components are positive (negative) when shown as thick
(thin) curves, and they are abbreviated in Panel (c) as PPGG, PPG, PPFG, PPF, and PP. Also note that each component is proportional to a
different combination of the galaxy bias parameters indicated in Eqs. (9), (12), (16), (18), in addition to the relative velocity bias parameter br.
The horizontal gray lines show the diagonal element of the covariance matrix in the absence of sample variance, approximately equivalent
to the shot-noise contribution (see Sec. III D). It is assumed that the number densities of the tracers are n¯g = 3 × 10−4(h−1Mpc)−3 and
n¯g = 10
−3(h−1Mpc)−3, respectively.
This effect is still an important factor at the percent level, de-
termining the shift in the BAO peak position (see Sec. III E).
However, for the relative velocity bias larger than the fiducial
value br/b1 = 0.02, the auto contribution of the relative veloc-
ity effect dominates over the other contributions on all scales.
Similarly, the dot-dashed curve represents the coupling of the
relative velocity effect and the nonlinear galaxy bias, in pro-
portion to b2br and in a similar shape. The oscillation struc-
ture of the both contributions arises due to the relative velocity
kernelGu, and its convolution with the matter power spectrum
on large scales becomes constant as Gu(k,k) ∝ k−2. Last,
the long dashed curve represents the contribution of the rela-
tive velocity effect and the nonlinear matter evolution, consti-
tuting the dominant contribution of the relative velocity effect
at the BAO scale. Due to the nonlinear matter kernel F2, this
contribution declines rather slowly with wavenumber, while it
retains the oscillation structure.
All of the relative velocity effects and the nonlinear effects
are at the percent level or smaller on most scales, given that
the total galaxy power spectrum (thick solid) is largely deter-
6mined by the matter power spectrum (thick dotted). However,
with high precision measurement of the BAO peak position,
small but non-negligible contributions with oscillation struc-
ture can shift the BAO peak position. In Sec. III E, we quantify
the BAO peak shift in the galaxy power spectrum due to the
relative velocity effect.
B. Cross Power Spectrum
In the past few decades, there have been rapid develop-
ments in large-scale galaxy surveys, and the sheer number has
dramatically increased (e.g., see [33]). In this golden age of
large-scale surveys, it is quite common and desirable that two
separate and independent surveys are designed to cover, albeit
partially, the same sky area, generating the synergy effect and
providing ways to check systematic errors.
Here we consider another galaxy sample measured in the
survey: Low-mass star-forming galaxies that form at low red-
shift after generations of old stars evolved away long time ago.
The relative velocity effect in those galaxy samples is substan-
tially diluted or nearly absent. To avoid confusion, we use
super- or sub-script A and B to refer to each galaxy sample.
The galaxy sample A representing massive old and red galax-
ies with the relative velocity effect is described by Eq. (8). We
model the low-mass galaxy sample B with another set of bias
parameters
δBg (x) = b
B
1 δm(x) +
bB2
2
[
δ2m(x)− σ2m
]
, (11)
where the relative velocity bias parameter is set bBr = 0. The
auto-power spectrum of the galaxy sample B can be readily
computed by using Eq. (9) with the bias parameters replaced
by (bB1 , bB2 ). With two galaxy samples in the survey, we can
measure their cross-power spectrum,
PAB(k) = b
A
1 b
B
1 PNL(k) +
∫
d3q
(2pi)3
Pm(q)Pm(|k − q|)
[
1
2
bA2 b
B
2 + (b
A
1 b
B
2 + b
A
2 b
B
1 )F2(q,k − q)
+2bAr b
B
1 F2(q,k− q)Gu(q,k − q) + bAr bB2 Gu(q,k− q)
]
. (12)
Figure 2b depicts the cross-power spectrum PAB(k) of
the galaxy sample A in Fig. 2a and the galaxy sample B,
where we assume the bias parameters for the galaxy sam-
ple B are (bB1 , bB2 ) = (1,−0.4) and the number density
is 10−3(h−1Mpc)−3. Low-mass star forming galaxies are
known to be less biased but more abundant (e.g., see [34]).
Since we sample two discrete but distinct objects, there is no
shot-noise contribution to the cross-power spectrum PAB(k).
However, there exist the shot-noise contributions from each
galaxy sample to the power spectrum variance, and the hori-
zontal gray line shows this contribution
√
1/n¯Ag n¯
B
g in the ab-
sence of sample variance.
Similarly to the auto-power spectrum PAA(k) in Fig. 2a,
the dominant contribution to the cross-power spectrum (thick
solid) is the matter power spectrum (thick dotted). The con-
tributions of the nonlinear galaxy bias (bA2 bB2 ; dashed) and its
coupling with the nonlinear matter evolution (bA1 bB2 + bA2 bB1 ;
dotted) are also in similar shape, but the former is now neg-
ative as bB2 < 0 for low mass galaxies. In regard to the
relative velocity contributions to the cross-power spectrum,
the notable difference compared to the auto-power spectrum
PAA(k) is the absence of the relative velocity auto-power
spectrum. While the coupling of the relative velocity effect
and the nonlinear galaxy bias ∝ bAr bB2 has a negative sign in
the cross power spectrum, the contribution of the relative ve-
locity effect and the nonlinear matter evolution∝ bAr bB1 (long
dashed) remains the dominant factor with same sign at the
BAO scale as in PAA(k).
Compared to the auto-power spectra PAA(k) and PBB(k),
the cross-power spectrum PAB(k) in Fig. 2b provides a new
way to constrain the relative velocity effect with signal-to-
noise ratio as large as their auto power spectra. However, as
two galaxy samples probe the same underlying matter distri-
bution in the survey, the auto- and the cross-power spectra are
not independent, and their covariance matrix needs to be prop-
erly taken into consideration (see Sec. III D).
C. Multi-Tracer Analysis
Since different galaxy samples depend on the same underly-
ing matter distribution, their stochastic nature shares the com-
mon origin. Based on this observation, the multi-tracer tech-
nique is developed [20] to remove the intrinsic stochasticity
by taking ratios of multiple tracers. With shot-noise present in
practice, the gain in signal-to-noise ratio is much less than in
an idealized situation, but a significant gain is still achievable
(e.g., see [23, 24, 26, 27]), especially when combined with the
shot-noise cancelling technique [35, 36].
Here we construct a particular combination X , out of the
two galaxy samples A and B to eliminate the sample variance
nXg ≡ Vs
[
bA1 n¯
A
g n
B
g (x) − bB1 n¯Bg nAg (x)
] (13)
= n¯Xg (1 + δX) + εX ,
where εX is the shot-noise, n¯Ag and n¯Bg are the mean number
densities of each galaxy sample and Vs is the survey volume.
7As each galaxy sample is composed of its mean and fluctua-
tion, the combination X can also be decomposed as the mean
number density
n¯Xg = Vsn¯
A
g n¯
B
g
(
bA1 − bB1
)
, (14)
and its fluctuation around the mean
δX(x) =
bA1 δ
B
g − bB1 δAg
bA
1
− bB
1
(15)
=
1
2
bA1 b
B
2 − bB1 bA2
bA
1
− bB
1
δ2m(x)−
bB1 b
A
r
bA
1
− bB
1
u2r(x) .
The sample variance is explicitly eliminated in Eq. (15) to
the leading order, though much smaller stochasticity, next to
the leading order terms, remains. The power spectrum of the
sample-variance cancelling combination is then
PXX(k) =
∫
d3q
(2pi)3
Pm(q)Pm(|k−q|)
[
1
2
(
bA1 b
B
2 − bA2 bB1
)2
(bA
1
− bB
1
)2
+
2
(
bA1 b
B
2 − bB1 bA2
)
bAr b
B
1
(bA
1
− bB
1
)2
Gu(q,k−q)+ 2(b
A
r b
B
1 )
2
(bA
1
− bB
1
)2
G2u(q,k−q)
]
.
(16)
The sample-variance cancelling combination has different
shot-noise contribution, as it is the combination of two dis-
tinct galaxy samples. Assuming the Poisson shot-noise for
each sample, the shot-noise contribution to the power spec-
trum PXX(k) is
NX ≡ 〈εXεX〉
(n¯Xg )
2
=
(bA1 )
2n¯Ag + (b
B
1 )
2n¯Bg
n¯Ag n¯
B
g (b
A
1
− bB
1
)2
. (17)
Figure 2c illustrates the auto-power spectrum of the sample-
variance cancelling combination. Since the leading contribu-
tion of the matter power spectrum is eliminated, there exist no
contributions of the coupling with the nonlinear matter evolu-
tion, and the amplitude of the power spectrum (thick solid) is
overall smaller than those shown in the upper panels. The con-
tribution of the nonlinear galaxy bias (dashed) is the dominant
contribution on all scales, except on large scales where the
relative velocity contributions (solid and dot-dashed) become
more important. The advantage of using the sample-variance
cancelling combination is that the ratio of the relative veloc-
ity effect to the total power spectrum is greatly enhanced and
the oscillation structure around k ∼ 0.1hMpc−1 is largely
due to the relative velocity effect, as the leading-order matter
density contribution is eliminated. However, the gray hori-
zontal lines show the power spectrum variance
√
2NX in case
PXX = 0, and the shot-noise contribution to the power spec-
trum PXX(k) is non-negligible except on large scales.
With the combination X in addition to two galaxy sam-
plesA and B, we can also construct the cross-power spectrum
of the sample-variance cancelling combination and the galaxy
sample
PAX(k) =
∫
d3q
(2pi)3
Pm(q)Pm(|k− q|)
[
1
2
bA2 (b
A
1 b
B
2 − bB1 bA2 )
bA
1
− bB
1
+
bA1 (b
A
1 b
B
2 − bB1 bA2 )
bA
1
− bB
1
F2(q,k− q) (18)
−2b
A
1 b
B
1 b
A
r
bA
1
− bB
1
F2(q,k − q)Gu(q,k − q) +
bAr
(
bA1 b
B
2 − 2bB1 bA2
)
bA
1
− bB
1
Gu(q,k− q)− 2b
B
1 (b
A
r )
2
bA
1
− bB
1
G2u(q,k − q)
]
,
and the shot-noise contribution to the cross-power spectrum
PAX(k) is
NAX ≡ 〈εAεX〉
n¯Ag n¯
X
g
=
bB1
n¯Ag (b
B
1
− bA
1
)
. (19)
Figure 2d shows the cross-power spectrum PAX(k) of the
sample-variance cancelling combination with the galaxy sam-
ple A. The cross-power spectrum PAX(k) is similar to the
auto-power spectrum PXX(k), as it is constructed from the
sample-variance cancelling combination, while it retains some
of the cross-contributions from the galaxy sample A. As the
combination nXg (x) in Eq. (13) is constructed with negative
sign of the galaxy number density nAg (x), all the coefficients
of the bias parameter combination in Eq. (18) are negative,
and we plot −PAX(k). The relative velocity effect is again
prominent on large scales, where the signal is somewhat larger
than the shot-noise contribution
√
N2AX +NX/n¯
A
g , shown as
the gray horizontal line.
D. Covariance Matrix
Out of two galaxy samples in the survey, we can construct
three power spectra PAA(k), PBB(k), and PAB(k). Since all
8FIG. 3: BAO peak shift in the auto-power spectrum (left) and the cross-power spectrum (right) due to the relative velocity effect. As a function
of relative velocity bias parameter br/b1, the peak shift is obtained by fitting the template power spectrum in Eq. (30) to the full power
spectrum, following the procedure in [37]. Left: Peak shifts in the auto-power spectrum PAA(k) computed by using Eq. (9) for various values
of the nonlinear galaxy bias parameter b2/b1, given the relative velocity effect br/b1. Right: Peak shifts in the cross-power spectrum PAB(k)
computed by using Eq. (12) for various combination of the nonlinear bias parameters b2/b1 for two different galaxy samples A and B. The
relative velocity effect is assumed to be present only in the galaxy sample A, but absent in the galaxy sample B.
of them are tracing the same underlying matter distribution,
three power spectra are correlated, and its correlation is de-
scribed by the covariance matrix. The sample variance can-
celling combination in Eq. (15) can be obtained by diagonal-
izing the covariance matrix of two fluctuations δAg and δBg . To
compute the covariance matrix, we first define our estimators
for the power spectra of the two galaxy populations:
PˆAA(k) =
1
Vs
δAg (k)δ
A∗
g (k)−
1
n¯Ag
, (20)
where Vs is the survey volume and n¯Ag is the number den-
sity of the galaxy sample A. Assuming the Poisson shot-
noise, the power spectrum estimator in Eq. (20) is unbiased
〈PˆAA(k)〉 = PAA(k), and a similar estimator can be defined
for the galaxy sample B. In addition, an estimator for the
cross power spectrum is
PˆAB(k) =
1
Vs
δAg (k)δ
B∗
g (k) , (21)
and there is no shot-noise contribution to the cross power
spectrum.
Given the power spectrum estimators in Eqs. (20) and (21),
the covariance matrix can be readily computed as
Cov
[
Pˆi(k)Pˆj(k
′)
]
=
〈
Pˆi(k)Pˆj(k
′)
〉
− Pi(k)Pj(k′) ,
(22)
where i, j = AA, BB, AB. With many independent Fourier
modes added to estimate the power spectra, the power spec-
trum estimators closely follow a Gaussian distribution, with
which we can analytically derive the covariance matrix. The
diagonal components of the covariance matrix are
Cov
[
PˆAAPˆAA
]
= 2
(
PAA +
1
n¯Ag
)2
, (23)
Cov
[
PˆBBPˆBB
]
= 2
(
PBB +
1
n¯Bg
)2
,
Cov
[
PˆABPˆAB
]
= P 2AB +
(
PAA +
1
n¯Ag
)(
PBB +
1
n¯Bg
)
,
where we suppressed the k-dependence as each Fourier mode
is largely independent and the covariance matrix is nearly di-
agonal in Fourier space. The off-diagonal components of the
covariance matrix are
Cov
[
PˆAAPˆBB
]
= 2 (PAB)
2
, (24)
Cov
[
PˆAAPˆAB
]
= 2PAB
(
PAA +
1
n¯Ag
)
,
Cov
[
PˆBBPˆAB
]
= 2PAB
(
PBB +
1
n¯Bg
)
.
For the sample-variance cancelling combination X , we have
two estimators
PˆXX(k) =
1
Vs
δX(k)δ
∗
X(k)−NX , (25)
PˆAX(k) =
1
Vs
δAg (k)δ
∗
X(k)−NAX , (26)
and their covariance matrix
Cov
[
PˆXX PˆXX
]
= 2 (PXX +NX)
2 , (27)
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[
PˆAX PˆAX
]
= (PAX +NAX)
2 (28)
+
(
PAA +
1
n¯Ag
)
(PXX +NX) .
While the stochastic nature yields irreducible variance of
the estimators described by the covariance matrix, their mean
can be more accurately estimated by measuring independent
Fourier modes available in the survey. The number of Fourier
modes in a given survey is often estimated [38] as
Nk =
4pik2∆k
(2pi)3
∫
Vs
d3x
[
n¯gPg(k)
1 + n¯gPg(k)
]2
≃ 4pik
2∆k
(2pi)3
Vs ,
(29)
where ∆k is the bin width in Fourier modes and we assumed
the galaxy samples are sample-variance limited. Since the co-
variance matrix is computed accounting for the wavevectors
k and −k, the number Nk of wavemodes appears larger by a
factor 2 than in the usual calculation.
E. Shift in the BAO Peak Position
Here we quantify the shift in the BAO peak position from
the galaxy power spectrum measurements in the presence of
the relative velocity effect. Due to the nonlinear effects, the
BAO peak is broadened and shifted at the sub-percent level
[37, 39]. However, these scale-dependent growth and anoma-
lous nonlinear power can be modeled and marginalized over
in measuring the BAO peak position. Following Seo et al.
[37], we adopt the template power spectrum to account for the
scale-dependent growth and the broad-band power
Pt(k) =
(
2∑
i=0
cik
i
)
Pevo
(
k
α
)
+
7∑
i=0
aik
i , (30)
where three coefficients ci and eight coefficients ai are taken
as free parameters. Accounting for the damping of the BAO
peaks in the linear matter power spectrum , the evolved matter
power spectrum is computed as
Pevo(k) = [Plin(k)− Pnw(k)] exp
(
−k
2Σ2m
2
)
+ Pnw(k) ,
(31)
where Pnw(k) is the fit to the broad-band power of the linear
matter power spectrum [31] and Σm = 6.6 h−1Mpc is the
degradation parameter of the BAO wiggles at z = 0.57 [37].
The template power spectrum Pt(k) is fitted to the galaxy
power spectrum with the relative velocity effect, and any de-
viation of α from unity indicates the shift in the BAO peak
position.
Figure 3 shows the shift parameters α in the BAO peak po-
sition of the galaxy power spectrum (left) as a function of
galaxy bias parameters and its cross-power spectrum (right)
with another galaxy sample without the relative velocity ef-
fect. The best-fit shift parameter α is obtained by fitting the
template power spectrum in Eq. (30) to the galaxy power spec-
trum in Eq. (9) or the cross-power spectrum in Eq. (12) over
a range 0.02hMpc−1 < k < 0.35hMpc−1. In the absence of
the relative velocity effect, the shift in the BAO peak position
is at the sub-percent level for various values of the nonlinear
galaxy bias parameter b2.
For various values of the nonlinear galaxy bias parameters,
the shift in the BAO peak position due to the relative velocity
effect is less than a percent at br/b1 ≤ 0.01 for both the auto-
power and the cross-power spectra. At a fixed value of the
relative velocity bias parameter, the overall level of the BAO
peak shift is smaller in the cross-power spectrum (right) than
in the auto-power spectrum (left), simply because the galaxy
bias parameters for the sample B are smaller than for the sam-
ple A and there is no relative velocity effect in the second
tracer. Furthermore, the general trend of the BAO peak shift as
a function of the relative velocity bias parameter is similar for
both cases, since the dominant contribution to the BAO peak
shift over the fitting range arises from the coupling of the non-
linear matter evolution and the relative velocity effect shown
as long dashed curves in Fig. 2 and their sign remains un-
changed in the cross-power spectrum, shifting the BAO peak
position to the same direction as in the auto-power spectrum.
For large values of the relative velocity bias parameter, a
substantial shift in the BAO peak position may occur, but the
auto-power spectrum is better suited for measuring the peak
shift due to the relative velocity effect than the cross-power
spectrum, when the other galaxy sample is expected to have
no relative velocity effect. However, with two galaxy samples,
we can construct the sample-variance cancelling combination
in Eq. (15) and measure its power spectrum in Fig. 2c to vi-
sually identify the relative velocity effect. The fitting proce-
dure of Seo et al. [37] is designed to remove the broad-band
shape and isolate the BAO wiggles in the usual galaxy power
spectrum, and hence it cannot be used to quantify the shift in
the BAO peak position of the power spectrum of the sample-
variance cancelling combination in Fig. 2c or its cross-power
spectrum in Fig. 2d.
Figure 4 further illustrates the oscillation structure of vari-
ous relative velocity contributions to the galaxy power spec-
trum. Compared to the linear matter power spectrum (dot-
ted) in Fig. 4a, gray curves show the one-loop SPT power
spectrum (dashed) and the HALOFIT nonlinear matter power
spectrum (solid). Though they appear to have quite differ-
ent oscillation structure, these nonlinear matter power spectra
generally yield negligible shift in the BAO peak position as in
Fig. 3, when they are fitted with the the evolved matter power
spectrum Pevo(k) (solid), after marginalizing over the non-
linear scale-dependent growth and the anomalous power with
free parameters in Eq. (30).
Figures 4b−4d compare the relative velocity contributions
that are fitted with Pevo(k) in Fig. 4a. To remove the broad-
band power of the relative velocity contributions and iso-
late their oscillation structure, we apply various powers of
wavenumber k normalized at 0.1 hMpc−1 and divide the
contributions to the no-wiggle power spectrum Pnw(k) at
k = 0.1 hMpc−1. A unity at k = 0.1 hMpc−1 would
therefore indicate that its contribution is as large as the no-
wiggle power spectrum, if the corresponding bias parameters
are set unity. The oscillation structure in the auto-contribution
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FIG. 4: Baryonic acoustic oscillation and relative velocity contributions at z = 0. (a) Ratios to the no-wiggle power spectrum. The BAO
template in Eq. (31) is shown as solid curve. Various curves represent the linear matter power spectrum (dotted), one-loop SPT power spectrum
(gray dashed), and the HALOFIT nonlinear matter power spectrum (gray solid). (b), (c), (d) Various contributions of the relative velocity effect
to the galaxy power spectrum. The amplitude of each component is normalized by the no-wiggle power spectrum at k = 0.1 hMpc−1 and
scaled by various powers of wavenumber to best contrast their oscillation structure. All the bias parameters are set unity for comparison. The
contributions PPGG in panel (b) and PPFG in panel (c) are largely in phase with the BAO, while the contribution PPG is out-of-phase.
of the relative velocity effect in Fig. 4b is largely in phase with
Pevo(k), but with k−4 scaling and b2r, its contribution is rather
limited to large scales k < 0.1 hMpc−1.
Figure 4c describes the cross contribution of the nonlin-
ear matter evolution and the relative velocity effect. With
the weak scaling relation k−2 and the amplitude at the per-
cent level at k = 0.1hMpc−1 for b1 ∼ 1 and br ∼ 0.01,
the cross contribution affects the shift in the BAO peak po-
sition most significantly among various relative velocity con-
tributions over a range k > 0.1 hMpc−1. The other cross-
contribution of the nonlinear galaxy bias and the relative ve-
locity effect is shown in Fig. 4d. With the steep scaling k−3
and rather small amplitude, its impact on the BAO peak shift is
rather weak, and the nonlinear galaxy bias parameter b2 often
vanishes in certain galaxy samples.
Compared to our previous calculation of the BAO peak shift
in the galaxy power spectrum in Yoo et al. [18],2 we find that
2 The nonlinear matter power spectrum PNL(k) in Eq. (4.2) of Yoo et al.
[18] is computed by using the one-loop standard perturbation theory (SPT)
PNL(k) = Pm(k) + P13(k) + P22(k). However, there was a factor 2
error in computing the one-loop correction P22(k). With proper calcula-
tions of PNL(k), we find that the shift in the BAO peak position shows
the overall trend of the BAO peak shift is similar. However,
since we use the HALOFIT [32] that better fits the nonlinear
matter power spectrum in simulations than the one-loop SPT
power spectrum, the overall χ2-value of the fit has dramati-
cally improved over the previous calculations. As is evident
in Fig. 4a, the one-loop SPT power spectrum significantly de-
viates from simulations at k > 0.2 hMpc−1. Though the
evolved matter power spectrum Pevo(k) has little oscillation
at k > 0.2 hMpc−1 shown in Fig. 4a, we believe that over
the fitting range k = 0.02 − 0.35 hMpc−1, a more realistic
model of the nonlinear matter power spectrum would be better
suited in quantifying the shift in the BAO peak position.
F. Template Power Spectrum for Relative Velocity Effect
In the presence of the relative velocity effect, the BAO peak
position in the galaxy power spectrum can be shifted as large
the similar trend as in Fig. 3 — the change of direction in the peak shift for
b2 < 0 cases in Fig. 5 of Yoo et al. [18] disappeared. No further significant
change arises due to this correction, and Fig. 4 and 6 of Yoo et al. [18] are
largely unaffected.
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as a few percents shown in Fig. 3, depending on the relative
velocity bias parameter. Since the shift in the BAO peak posi-
tion is not due to the nonlinear scale-dependent growth around
the BAO peak as shown in Figs. 2 and 4, the evolved linear
matter power spectrum Pevo(k) in Eq. (31) is inadequate in
describing the galaxy power spectrum with the relative veloc-
ity effect — the deviation of α from unity in Fig. 3 is the ev-
idence of missing physics, the relative velocity effect, not the
indication of incorrect cosmological parameters in the fiducial
model.
In order to properly account for the relative velocity effect
in the galaxy power spectrum and the correlation function, we
construct a different template power spectrum that can be used
to isolate the shift α in the BAO peak position, only due to
the change in cosmology, not due to the relative velocity ef-
fect. First, we construct a smooth power spectrum Ps(k) that
best describes the broad-band power of the galaxy power spec-
trum with the relative velocity effect, but without the oscilla-
tion structure, in analogy to the no-wiggle power spectrum
Pnw(k). Given the galaxy bias parameters b = (b1, b2, br),
we fit the template power spectrum in Eq. (30) to the galaxy
power spectrum Pg(k|b) in Eq. (9) to obtain the peak shift α
and the nuisance parameters ci and ai in Eq. (30). Second, we
construct the smooth power spectrum as
Ps(k|b) =
(
2∑
i=0
cik
i
)
Pnw
(
k
α
)
+
7∑
i=0
aik
i , (32)
where the fitted parameters (α, ci, ai) depend on the galaxy
power spectrum Pg(k|b). The evolved matter power spectrum
for the relative velocity effect is then defined as
Pevo(k|b) =
[
Pg(k|b)−Ps(k|b)
]
exp
(
−k
2Σ2m
2
)
+Ps(k|b) .
(33)
We repeat the exercise of fitting the template power spec-
trum Pt(k) in Eq. (30) to the galaxy power spectrum with the
relative velocity effect as in Fig. 3, but in this case, with new
evolved power spectrum Pevo(k|b) in Eq. (33) for each set of
galaxy bias and the relative velocity bias parameters. We find
no meaningful shift (≤ 0.05%) in all cases, validating the use
of the template power spectrum for the relative velocity effect.
Further refinement of the evolved power spectrum Pevo(k|b)
can be made by iteratively computing the smooth power spec-
trum Ps(k|b), until no shift is achieved. However, we find that
the nuisance parameters of the template power spectrum in
Eq. (30) provide a good description of the broad-band power
of the galaxy power spectrum with the relative velocity effect
and no iteration in most cases is necessary; the maximum shift
at one iteration is 0.4% at br/b1 = 0.1.
G. Correlation Function
In addition to the galaxy power spectrum measurements,
there exist other ways to measure the BAO peak position and
hence the distance to the galaxy sample; The galaxy corre-
lation function measurements have been used to identify the
BAO peak position, and the first detection of the BAO scale
in galaxy clustering was made [40] by using the correlation
function measurements. Here we present the relative velocity
effect on the correlation function measurements.
Following Xu et al. [41], we compute the template corre-
lation function, accounting for the nonlinear growth around
the BAO peak and the broadening of the BAO feature in the
correlation function,
ξt(r) = B
2
ξ ξevo(αr) +Aξ(r) , (34)
where the constant Bξ effectively marginalizes over the cor-
relation function amplitude, the scale-dependent nonlinear
growth around the BAO peak is fitted with
Aξ(r) =
a˜1
r2
+
a˜2
r
+ a˜3 , (35)
and the evolved correlation function is the Fourier transform
of the evolved matter power spectrum
ξevo(r) =
∫
dk k2
2pi2
Pevo(k) j0(kr)e
−k2σ2ξ . (36)
We adopted the specific functional form in Eq. (35) to model
the scale-dependent growth around the BAO peak, as in Xu
et al. [41]. The cut-off scale in the correlation function is set
σξ = 1h
−1Mpc to ensure that the evolved correlation func-
tion over the fitting range 28 < r < 200 h−1Mpc [28] is
unaffected by inadequate modeling of the power spectrum at
k ≫ σξ .
For predicting the relative velocity effect in the correlation
function, we compute Eq. (36) but with Pevo(k) replaced by
Pevo(k|b) for the relative velocity effect. However, the best-
fit smooth power spectrum Ps(k|b) in Eq. (32) is obtained
over a finite fitting range k = 0.02− 0.35 hMpc−1, such that
when extrapolated beyond the fitting range, it fails to provide a
good description of the broad-band shape of the galaxy power
spectrum with the relative velocity effect. Therefore, we use
the galaxy power spectrum itself for the smooth power spec-
trum outside the fitting range, noting that the oscillation struc-
ture is weak at k ≤ 0.02 hMpc−1 or substantially damped at
k ≥ 0.35 hMpc−1.
Figure 5 shows the correlation function (left) of the galaxy
sample A and its cross-correlation function (right) with the
galaxy sampleB. The dotted curves indicates the evolved cor-
relation function in Eq. (36), but its amplitude is multiplied by
the galaxy bias parameters (bA1 )2 and bA1 bB1 , respectively. As
shown in Eq. (34), the evolved correlation function ξevo(r) is
fitted to the correlation function with nuisance parameters Bξ
and a˜i to identify the peak shift α in the correlation function.
The correlation functions are scaled to match the dotted curves
at r = 50 h−1Mpc, effectively setting the nuisance parameter
Bξ ≈ 1. Compared to the evolved correlation function, the
peak position in the auto-correlation function is shifted to a
smaller scale α > 1, but its peak is further broadened. These
effect are less prominent in the cross-correlation function. As
is shown in Fig. 3, the BAO peak shift is α ∼ 1% for the auto-
power spectrum and α ∼ 0.2% for the cross-power spectrum
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FIG. 5: Auto and cross correlation functions of two galaxy samples. The galaxy sampleA is assumed to have bias parameters (bA1 , bA2 ) = (2, 1)
with the relative velocity effect bAr = 0.04, and the galaxy sample B has (bB1 , bB2 ) = (1,−0.4) without the relative velocity effect bBr = 0. As
a reference, the dotted curves show the template correlation function in Eq. (36) multiplied by (bA1 )2 and bA1 bB1 in each panel, respectively. The
best-fit smooth power spectrum in Eq. (32) is used to damp the BAO wiggles and compute the full correlation function (solid). The correlation
functions are scaled to match the template correlation function (dotted) at r = 50h−1Mpc. Individual contributions to the total correlation
functions are shown with line types identical to those in Fig. 2, but its amplitude is multiplied by a factor 2 for better illustration. The BAO
peak shift due to the relative velocity effect is more prominent in the auto-correlation function than in the cross-correlation function.
for the fiducial galaxy bias parameters and the relative veloc-
ity bias parameter.
Various curves in Fig. 5 around ξ = 0 represent the contri-
butions of the individual components to the correlation func-
tion with line types as in Fig. 2, but their amplitudes are
multiplied by a factor 2 for illustration. They are computed
by Fourier transforming the each components in Eqs. (9)
and (12), and the damping of the oscillations in these com-
ponents as in Eq. (33) is neglected for simplicity. The domi-
nant contribution to the BAO peak shift is the cross-correlation
(dashed) of the nonlinear matter evolution and the relative
velocity effect, followed by the relative velocity correlation
(solid). Since the broad-band power will be removed by the
nuisance parameters a˜i in Aξ(r), it is the contrast of these
components that contributes to the BAO peak shift.
IV. CONSTRAINT ON THE RELATIVE VELOCITY
EFFECT FROM THE BOSS
Here we use the SDSS-III Data Release 9 (DR9; Ahn et al.
[42]) galaxy sample, denoted as CMASS sample [43]. It
comprises approximately 260,000 galaxies with spectroscopic
redshift measurements, and their redshift ranges 0.43 < z <
0.7 with the effective redshift zeff = 0.57 and the number
density n¯g = 3 × 10−3 (h−1Mpc)−3. The Baryonic Oscil-
lation Spectroscopic Survey (BOSS; [29]) is part of SDSS-III
[44], mapping the spatial distribution of galaxies. The galaxy
power spectrum of the SDSS-III DR9 is measured [28] for
identifying the BAO peak position and used for other cosmo-
logical purposes (e.g., [45, 46]) and for systematics [47]. We
adopt this power spectrum measurements for our analysis of
the relative velocity effect and refer to it as the BOSS power
spectrum measurements.
The BOSS power spectrum is measured by using the tra-
ditional way to estimate the galaxy power spectrum, known
as the FKP method [38]. The power spectrum measurements
can be expressed as the convolution of the underlying galaxy
power spectrum with the survey window function,
Pˆg(k) =
∫
d3q
(2pi)3
Pg(q)
∣∣∣∣n¯wg (k − q)
∣∣∣∣
2
+ Pshot(k) , (37)
where Pshot(k) is the shot-noise contribution and the sur-
vey window function is the Fourier transform of the weighted
mean galaxy number density n¯wg (x) = w(x)n¯g(x) and is nor-
malized to unity
1 =
∫
d3k
(2pi)3
|n¯wg (k)|2 =
∫
d3x
[
n¯wg (x)
]2
. (38)
To facilitate the computation [28, 48–51], the survey window
function is often angle-averaged and discretized into a win-
dow matrix W [ki][kj ], such that the three-dimensional inte-
gration of the convolution in Eq. (37) becomes a simple matrix
multiplication
Pˆg(ki) =
∑
kj
W [ki][kj ]Pg(kj) + Pshot(ki) , (39)
where the underlying galaxy power spectrum Pg(kj) is also
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FIG. 6: BOSS power spectrum measurements and the best-fit power
spectrum with the relative velocity effect. The galaxy power spec-
trum Pg(k|b) is fitted to the BOSS measurements (points), account-
ing for the survey window function and the integral constraints in
Eq. (41) over the range k ≤ 0.1 hMpc−1. Two (nearly identical)
solid curves show the best-fit galaxy power spectra with the further
cut kmin = 0.02hMpc−1 and without kmin. The best-fit model is
mainly determined over the range k = 0.02 − 0.1 hMpc−1, but
the χ2 difference is substantial, depending on whether the measure-
ments at k < 0.02 hMpc−1 are included. The dashed curve shows
the model with the largest relative velocity bias parameter that is con-
sistent with the best-fit model at 1-σ level (see Sec. IV for details).
angle-averaged and the normalization condition becomes
1 =
∑
kj
W [ki][kj ] . (40)
Furthermore, since the mean galaxy number density n¯g is
unknown and estimated from the survey itself, the measured
fluctuation always vanishes at the survey scale, even though
the underlying fluctuation may not. This condition, known as
the integral constraint, is implemented by shifting the under-
lying fluctuation to vanish at the survey scale [52]. Therefore,
the measured power spectrum involves additional shift due to
the integral constraint, and our estimate for the galaxy power
spectrum is
Pˆg(ki) =
∑
kj
W [ki][kj ]Pg(kj) + Pshot(ki)
−W (ki)
W (0)
∑
kj
W [0][kj ]Pg(kj) . (41)
Given the galaxy bias parameters b = (b1, b2, br), we fit the
galaxy power spectrum Pg(k|b) in Eq. (9) to the BOSS power
spectrum measurements, accounting for the survey window
function and the integral constraint in Eq. (41). However,
for our simple analysis, we keep the cosmological parame-
ters fixed in fitting the BOSS measurements and constraining
the relative velocity bias parameter br.
Figure 6 illustrates the best-fit galaxy power spectrum
(solid) with the relative velocity effect from the BOSS mea-
surements (points). The maximum wavenumber, over which
the model is fitted, is set kmax = 0.1 hMpc−1. Our best-
fit model prefers no relative velocity effect in the measure-
ments, and the best-fit nonlinear galaxy bias parameters are
consistent with the BOSS measurements [45], where they find
(b1, b2) = (2.27, 1.02). While the best-fit model (solid) pro-
vides a good fit to the measurements at k > 0.02 hMpc−1,
there exist substantial deviations at k < 0.02 hMpc−1, where
the measurements are significantly higher. Moreover, the chi-
square per degree-of-freedom χ2ν = 2.07 is quite large, de-
manding further scrutiny.
We repeat the exercise with the minimum wavenumber
kmin = 0.02 hMpc
−1 for the fitting range, removing the
largest scale measurements, where the measurements are most
susceptible to stellar contamination [47]. The goodness of
the fit dramatically improves (χ2ν = 1.39), while the best-fit
model parameters are almost identical to those obtained with-
out kmin. To further investigate this systematic error, we intro-
duce a nuisance parameter s for the stellar contamination and
marginalize over the nuisance parameter, following the proce-
dure in [45]. We find no discernible change in χ2ν , compared
to that without the nuisance parameter s. However, the best-fit
value of s is a few-σ away from s = 0, indicating the existence
of non-negligible stellar contamination at k ≤ 0.02 hMpc−1.
For illustration, the dashed curve shows the model that is con-
sistent with our best-fit model (∆χ2 = 2.172) at 1-σ level but
has the largest relative velocity bias parameter. While the rel-
ative velocity effect can enhance the power spectrum on large
scales k < 0.02 hMpc−1, it is difficult to explain away the
power excess in the largest-scale measurements and maintain
the goodness of the fit at k = 0.02− 0.1 hMpc−1.
Figure 7 presents the galaxy bias parameter constraints
from the BOSS power spectrum measurements. Contours in
Fig. 7 depict ∆χ2 = 1.522, 2.492, 3.442 regions, covering
1-σ, 2-σ, and 3-σ ranges in each parameter space from the
best-fit value indicated by dots. The constraints are derived
with kmin = 0.02 hMpc−1, while those shown as gray con-
tours are with kmin = 0. Again, we find no significant differ-
ence in the parameter constraints with different kmin. From
the BOSS power spectrum measurements, we derive the con-
straint on the relative velocity bias parameter br < 0.033 at
the 95% confidence level.
The measurements of the BAO peak position provide
model-independent observational constraints on the distance
to the galaxy sample (e.g., [28]). However, the possibility of
the relative velocity effect in the galaxy sample acts as a sys-
tematic error on the BAO measurements, since the BAO peak
position can be shifted if the relative velocity effect is present
as shown in Fig. 3. Given the probability distribution of the
galaxy bias parameters (b1, b2) and the relative velocity bias
parameter br in Fig. 7, we compute the rms shift in the BAO
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FIG. 7: Constraints on the nonlinear galaxy bias parameters (b1, b2)
and the relative velocity parameter br from the BOSS power spec-
trum measurements. Contours show 1-σ (dotted), 2-σ (solid), 3-σ
(dotted) regions for each two-parameter set. Two nearly overlap-
ping contours represent the constraints with and without kmin =
0.02 hMpc−1.
peak position
〈∆α2〉 =
∫
db1 db2 dbr P (b1, b2, br) ∆α
2(b1, b2, br) = (0.57%)
2 ,
(42)
as our estimate of the systematic error in the BOSS mea-
surements of the BAO peak position, where the shift
∆α(b1, b2, br) is shown in Fig. 3 and the probability distri-
bution is assumed to be Gaussian
P (b1, b2, br) ∝ exp
[−∆χ2/2] . (43)
Given the current constraint on the BAO peak position is 1.6%
(α = 1.033 ± 0.017 [28]), the systematic error due to the
relative velocity effect inflates the uncertainty by 5.5% (hence
1.7% in total), assuming that the errors are uncorrelated.
V. FUTURE MEASUREMENTS OF THE RELATIVE
VELOCITY EFFECT
In Sec. IV we have derived the constraint on the relative ve-
locity effect from the BOSS measurements. The current con-
straint is tight, not only because the measurement precision
has dramatically improved, but also because the cosmological
parameters are held fixed. Looking to the future, we perform a
Fisher matrix analysis to forecast how well future galaxy sur-
veys can constrain the relative velocity effects and how much
improvements can be made by adopting the multi-tracer anal-
ysis, providing guidance to designing future galaxy surveys.
For definiteness, we consider two galaxy samples, each
of which probe volumes V = 10 (h−1Gpc)3 but with dif-
ferent levels of overlapping volume. As our fiducial pa-
rameters, we adopt that the galaxy sample A has the bias
parameters bA = (b1, b2, br) = (2, 1, 0.04) and n¯Ag =
3 × 10−4(h−1Mpc)−3, and the galaxy sample B has bB =
(b1, b2) = (1,−0.4) and n¯Bg = 10−3(h−1Mpc)−3. We also
consider the cosmological parameter variations parametrized
by c = (ns, αs, ωm, ωb, ωde, w0, As), where h2 = ωm + ωde
is the dimensionless Hubble parameter and we assume a
flat universe with a constant dark-energy equation-of-state.
Therefore, our fiducial model for two galaxy samples is com-
posed of 12 parameters p ≡ (c, bA, bB), where we explicitly
assumed that the relative velocity effect is absent in the galaxy
sample B. Last, as an extension of our model, we introduce
two additional free parameters for each sample, accounting for
the deviation of the shot-noise power spectrum PS(k) from
the usual Poisson noise PS(k) = 1/n¯g (e.g., [35, 36, 53]).
However, we add a weak prior σPS = 1/n¯g on the shot-noise
power spectrum to ensure that the shot-noise cannot be com-
pletely arbitrary.
To estimate the sensitivity of the power spectrum measure-
ments to the relative velocity effect, we compute the Fisher
matrix
Fµν(p) =
kmax∑
k=kmin
∑
i,j
1
Nk f ij
(44)
× ∂Pi(k|p)
∂pµ
Cov
[
Pi(k|p)Pj(k|p)
]−1
∂Pj(k|p)
∂pν
,
where kmin = 2pi/Vs and i, j = AA, BB, AB, representing
the auto- and the cross-power spectra of two galaxy samplesA
and B. The fractional number of Fourier modes available in
the survey is
f ij =
{
1 for i = j = AA, BB
Vo/Vs otherwise
}
, (45)
where Vo is the overlapping volume probed by two galaxy
samples. When two samples probe two independent volumes
(Vo = 0), no cross-power spectrum is used in the Fisher ma-
trix calculation. We also adopt the Planck prior on the cos-
mological parameter estimation, following the procedure in
Albrecht et al. [54]. Therefore, the constraint on the relative
velocity bias parameter can be derived as
σ2br =
[
F−1(p)
]
brbr
, (46)
after marginalizing over all the cosmological parameters and
the remaining bias parameters.
In Fig. 8a the solid (galaxy sample A) and the dashed
(galaxy sample B) curves show the constraint on the relative
velocity bias parameter from the galaxy power spectrum anal-
ysis in a survey of volume V = 10 (h−1Gpc)3. As we in-
crease the maximum wavenumber kmax, the constraints are
improved in both cases by lifting the degeneracy among the
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FIG. 8: Constraints on the relative velocity parameters in a survey of volume V = 10 (h−1Gpc)3. The bias parameters of the two galaxy sam-
ples are (b1, b2, br) = (2, 1, 0.04) and (1,−0.4, 0), and their fiducial values of number densities are ng = 3× 10−4 and 10−3 (h−1Mpc)−3,
respectively. Left: Constraint on the relative velocity bias parameter br as a function of kmax. The cosmological parameters and the remaining
bias parameters are marginalized over in deriving the constraint on the relative velocity effect. Dotted curve shows the improvement on the
constraint by independently measuring two galaxy samples in the survey (full covariance matrix and their cross-correlation function are taken
into account). Gray curves show the constraints, when we allow the shot-noise of each sample to be a free parameter. Right: Constraint on br
as a function of galaxy number density n¯g . The bias parameters are fixed at their fiducial values. From top to bottom, curves with different
thickness represent different kmax.
cosmological parameters c and the galaxy bias parameters b.
The constraint (dashed) derived from the galaxy sample B
is stronger than the constraint (solid) from the galaxy sam-
ple A, in large because the shot-noise contribution is lower for
the second galaxy sample (with larger number density), but
also because the overall power spectrum amplitude is lower
bB1 < b
A
1 . Another 30% improvements in the constraint arise,
if the galaxy bias parameter b1 and the matter fluctuation nor-
malization As are known [18].
The gray curves show the degradation of the constraints,
once we allow the shot-noise power spectrum to be free. The
degradation is minor for the galaxy sample A, as the rela-
tive velocity effect is already present in the galaxy sample A
and its contributions to the galaxy power spectrum scale quite
differently with a constant shot-noise. However, the dashed
curve shows that there exists a strong degradation for the
galaxy sample B. Since the relative velocity effect is absent
in the galaxy sample B and the nonlinear galaxy bias param-
eter is negative, the relative velocity contribution can be de-
generate with the shot-noise power spectrum with unknown
amplitude on broad range of scales.
The dotted curve shows the improved constraints, if two
galaxy samples are available in the same survey area, where
not only the auto-power spectrum of each sample, but also
the cross-power spectra in Fig. 2 can be utilized to constrain
the relative velocity bias parameter. A factor of few improve-
ments on the constraint arise, demonstrating that the multi-
tracer analysis in Sec. III C extracts more information than the
sum of two independent analysis. A sub-percent level con-
straint on the relative velocity bias parameter can be readily
achievable, providing a tight constraint on the star formation
history in the early Universe. With two tracers combined, the
constraint is less sensitive to the uncertainties in the shot-noise
power spectra, especially when the maximum wavenumber is
large enough that the degeneracy among galaxy bias parame-
ters can be lifted.
The right panel illustrates the dependence of the galaxy
number density. We keep the galaxy bias parameters fixed
for two galaxy samples, and three curves with different thick-
ness represents different maximum wavenumber kmax. At
low galaxy number density n¯g → 0, the galaxy sample B
(dashed) is more shot-noise limited than the galaxy sample A,
as the overall amplitude bB1 is lower. In the opposite limit
n¯g → ∞, where the measurements are sample-variance lim-
ited, they both provide equally strong constraint on the relative
velocity bias parameter, when the constraint σbr is scaled with
b1. The constraint σbr/b1 from the galaxy sampleA is slightly
better in this limit, because the galaxy sample A is assumed
to have the relative velocity effect and the galaxy sample B is
assumed to be devoid of it, while the difference is rather small,
as the relative velocity power spectrum (∼ b2r) is significant
only on large scales. With unknown amplitude of the shot-
noise power spectrum, the constraints on the relative velocity
bias parameter degrade in all cases at various levels. As the
number density increases, most of the information is recov-
ered for the galaxy sample A, but some degeneracy remains
unbroken for the galaxy sample B.
Figure 9 further investigates the improvement of the rela-
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FIG. 9: Multi-tracer analysis of the relative velocity effect. The
bias parameters of the two galaxy samples are assumed to have the
fiducial values as in Fig. 8. The galaxy sample B is assumed to
be independent of the relative velocity effect. The survey volume
is Vs = 10 (h−1Gpc)3. The cross-power spectra and the sample-
variance cancelling combination are only available when the survey
volumes overlap, shown as various curves. For non-overlapping case,
the galaxy samples A and B probe two independent survey volumes,
and the constraint on the relative velocity effect is derived from the
galaxy sample A alone, while the galaxy sample B helps constrain
the underlying matter distribution. Gray curves represent the con-
straints with the same conditions as in black curves, but we addi-
tionally marginalize over the unknown amplitudes of the shot-noise
power spectra.
tive velocity constraint by using two independent galaxy sam-
ples, but with varying degree of overlap in survey volumes.
Here we explicitly assume that the galaxy sample B is devoid
of the relative velocity effect and the constraint on the rela-
tive velocity effect is derived solely by the galaxy sample A.
The dot-dashed curve shows the constraints when there is no
overlapping volume for two galaxy samples. In this case, the
galaxy sample B helps constrain the relative velocity effect
by providing constraints on the underlying cosmological pa-
rameters and lifting degeneracy in the constraints derived by
the galaxy sample A (hence the dot-dashed curve should not
be compared to the sum of the solid and the dashed curves
in Fig. 8a). As the overlapping volume increases from top to
bottom, the constraints on the relative velocity effect improve,
but the most dramatic improvement arises when the survey
volumes start to overlap (dashed curve). Once two galaxy
samples are available for their cross-power spectra in an over-
lapping volume, they can be used to construct the sample-
variance cancelling combination to isolate the relative veloc-
ity effect, dramatically improving the leverage to constrain the
relative velocity effect.
Gray curves show the degradation due to the uncertainties
in the shot-noise power spectra. The constraints inflate by
approximately 50% with kmax = 0.1 hMpc−1, while the
degradation becomes minor at kmax = 0.3 hMpc−1, consis-
tent with the result in Fig. 8a. The limitation of the multi-
tracer analysis in achieving an “infinite” signal-to-noise ra-
tio is the existence of shot-noise. Recently, a new technique
has been developed [35, 36] to suppress the shot-noise con-
tribution by applying mass-dependent weights to the galaxy
sample. This technique effectively enhances the galaxy num-
ber density and the galaxy bias parameters. For simplicity,
we repeat the multi-tracer analysis with the galaxy number
density nAg = 10−3 (h−1Mpc)−3, approximately three times
larger than our fiducial value and the galaxy bias parameters
increased by a factor 1.5, as expected from the shot-noise can-
celling technique [36], but we kept the properties of the galaxy
sample B unchanged. With the shot-noise cancelling tech-
nique, the constraint σbAr /b
A
1 on the relative velocity bias pa-
rameter improves, but the improvement is rather weak, since
the number density of the galaxy sample A is already large
and no substantial gain is achieved by increasing its number
density as in Fig. 8b.
VI. DISCUSSION
The supersonic relative velocity effect between baryons and
dark matter plays an important role in the formation of the
first stars and the earliest baryonic structure by suppressing
the dark matter halo abundance, reducing the gas contents in
halos, and boosting the minimum halo mass in which gas can
cool and form stars [5–9]. Furthermore, these effects could
imprint distinct signatures in the 21cm fluctuation signals and
affect the reionization history of the Universe [5]. In partic-
ular, the enhancement of the 21cm signals at z ∼ 20 due to
the relative velocity effect may be observed in the existing
low-frequency radio arrays [15, 16]. Despite the large un-
certainties inherent in the nonlinear galaxy formation at low
redshifts, it is speculated [5, 12, 18, 19] that this modulation
of the relative velocity effect on the early baryonic structure
might be inherited by some fraction of stars composing low-
redshift massive galaxies or by local patches of intergalac-
tic medium, in which massive galaxies form at later times.
Parametrizing our ignorance of the relic amplitude of the re-
maining relative velocity effect in galaxy samples at low red-
shifts, we have studied the impact of the relative velocity be-
tween baryons and dark matter on the large-scale clustering
properties of galaxies.
Drawing on the calculation [18], we have extended the
computation of the galaxy power spectrum to the multiple
galaxy samples and investigated the synergy effect of the
multi-tracer analysis on isolating the relative velocity effect
in the galaxy samples. With the small amplitude (<∼ 1%), if
any, of the relative velocity effect that may persist until to-
day, it is somewhat difficult to measure the relative velocity
effect in the galaxy power spectrum measurements alone in
a model-independent way. However, the situation changes
dramatically, once we have another galaxy sample to cross-
correlate with, especially when the second galaxy sample is
known to have vanishing relative velocity effect, such as in
low-mass star forming galaxies that mainly consist of newly
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born stars at low redshifts.
Since the acoustic structure of the relative velocity effect in
the galaxy power spectrum is similar but out-of-phase with the
acoustic structure of the matter and the baryon distributions,
the relative velocity effect can shift the BAO peak position by
a few percent at a plausible range of the relative velocity bias
parameter br = 0 ∼ 0.02, if the relative velocity effect is
unaccounted for in determining the BAO peak position. With
two distinct galaxy samples measured in an overlapping vol-
ume of the survey, their cross-power spectrum and the cross-
correlation function can be used to provide an important con-
sistency check to the constraints on the relative velocity effect.
On scales k = 0.02 ∼ 0.2 hMpc−1, where the BAO peak po-
sition is best measured, the cross-correlation of the relative
velocity effect and the nonlinear matter evolution is the dom-
inant contribution to the galaxy power spectrum, shifting the
BAO peak position to the same direction in the galaxy auto-
and cross-power spectra, although the shift is often reduced
in the cross-power spectrum, when the second galaxy sample
has negative nonlinear galaxy bias parameter b2.
More importantly, the multi-tracer analysis [20] takes ad-
vantage of the fact that two galaxy samples trace the same
underlying matter distribution, and it allows one to construct
a particular combination of two galaxy samples, in which the
leading contribution of the matter fluctuation is eliminated,
such that the relative velocity effect is the dominant feature in
the power spectrum on large scales k < 0.1 hMpc−1, pro-
viding a model-independent way to verify the presence of the
relative velocity effect in the galaxy sample. While the leading
stochasticity may be eliminated in this sample-variance can-
celling combination, the shot-noise contribution still remains
in the power spectrum measurements. In order to maximize
the utility of the multi-tracer analysis, it is preferred that the
second galaxy sample is abundant in number density and has
large difference ∆bg = bA1 − bB1 in their bias factors (see
also [21]), which enhances the contrast of the relative veloc-
ity effect to the shot-noise contribution in the galaxy power
spectrum.
Using the publicly available BOSS power spectrum mea-
surements [28] of the CMASS galaxy sample [43] from the
SDSS-III Data Release 9 [42], we have derived the constraint
on the relative velocity effect — the relative velocity bias pa-
rameter is constrained br < 0.033 at the 95% confidence level
from the BOSS power spectrum at k = 0.02 − 0.1 hMpc−1.
Though the constraint may be further improved by extend-
ing the fitting range, the goodness-of-the-fit substantially de-
grades, as the systematic error in the theoretical modeling be-
comes non-negligible. Hence we take the conservative es-
timate of the upper limit on the relative velocity effect as
br < 0.033. The constraint on the relative velocity bias pa-
rameter yields the systematic error 〈∆α2〉1/2 = 0.57% on the
BOSS measurements of the BAO peak position at z = 0.57.
Compared to the current observational error ∆α = 1.7%, the
systematic error due to the relative velocity effect is negligi-
ble.
Consider a population of the first stars that form at very
early time, in which the relative velocity effect is the domi-
nant mechanism, modulating the spatial fluctuation of the stel-
lar population: n⋆ ≃ n¯⋆(1 + u2r). The relative velocity bias
parameter is of order unity at early times [5], and δm ≪ 1. In
contrast, typical galaxy samples including the CMASS sample
are composed of ordinary stars without the relative velocity ef-
fect, and those galaxy samples are well described by the linear
bias relation on large scales today: n⊙ ≃ n¯⊙(1 + b δm).3 As-
suming that the CMASS galaxy sample is composed of these
two populations of stars, we can relate the relic amplitude br
of the relative velocity effect to the fraction of the first stars in
the CMASS galaxy sample as
nCMASSg = n¯⊙(1+b δm)+n¯⋆(1+u
2
r) ≃ n¯g(1+b δm+f⋆u2r) ,
(47)
where we assumed n¯g ≃ n¯⊙ ≫ n¯⋆ and f⋆ = n¯⋆/n¯g ≪
1. The dimensionless relative velocity ur is normalized and
largely independent of time. The constraint on the relative
velocity bias parameter is, therefore, directly linked with the
fraction of the first stars in the CMASS galaxy sample, and we
derive the upper limit on the fraction of the first stars as 3.3%
in the CMASS galaxy sample at the 95% confidence level.
We used “first stars” to refer to a stellar population, of
which the spatial distribution is modulated by the relative ve-
locity effect at early times, as opposed to the “ordinary stars”
without the relative velocity effect at late times. Our constraint
applies to the fraction of those stars with the relative velocity
effect, not to the fraction of “the first stars” that are known
as the population III stars, as their lifetime is very short [55].
In this regard, our toy model is a phenomenological descrip-
tion, agnostic of the merger history and the stellar evolution.
A more thorough modeling of the formation history would be
interesting, especially when the relative velocity effect is de-
tected, but it is beyond the scope of the current investigation.
Furthermore, regarding the interpretation of our upper limit,
a few more caveats are in order. First, we held the cosmolog-
ical parameters fixed as the best-fit parameter set derived in
the Planck result [1]. With the tight constraints on the cos-
mological parameters, variations of the BAO peak position
are negligible among permitted sets of cosmological param-
eters. We suspect that a full analysis of the galaxy power
spectrum with cosmological parameter variation is unlikely
to change the upper limit. However, we note that a cosmo-
logical parameter set substantially different from our fiducial
model could favor the presence of the relative velocity effect,
albeit marginal (σbr ∼ 3%), since the BAO scale would be
somewhat different in the assumed cosmology. Second, the
redshift-space distortion is neglected in the power spectrum
analysis. However, on large scales, the redshift-space distor-
tion only enhances the power by a factor 1 + 2β/3 + β2/5
in a scale-independent manner, where β is the anisotropy pa-
rameter. Since the relative velocity effect is measured from its
scale-dependent oscillations, modeling of the redshift-space
distortion will leave the derived constraint unchanged, but we
3 Despite our notation (n⋆, n⊙) for two different populations of stars, they
represent the galaxy number densitites on large scales that are entirely
made of each stellar population. They should not be confused with stel-
lar number densities in some local regions.
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suspect that it would reduce our estimate of the galaxy bias
factor by 13% with β ≃ 0.39 to a more reasonable value
b1 ≃ 2.0.
Looking to the future, we have forecasted the constraint
on the relative velocity effect derivable from the multi-tracer
analysis in future galaxy surveys. With two galaxy samples in
a survey of V = 10 (h−1Gpc)3, the multi-tracer analysis can
achieve a 0.1−0.2% level constraint on the relative velocity
bias parameter, improving the constraint by a factor of 3 ∼ 5
compared to the single tracer analysis. Since future galaxy
surveys aim to measure galaxies at higher redshift z ≫ 0.5,
the impact of the relative velocity effect on the galaxy power
spectrum, if present in the galaxy samples, could be larger,
providing an opportunity to detect the relative velocity effect
in galaxy surveys and better understand the galaxy formation
history before reionization.
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